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Optimal Cooperative Power-Limited Rendezvous Between
Neighboring Circular Orbits

Victoria Coverstone-Carroll and John E. Trussing
University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

A minimum-fuel rendezvous of two power-limited spacecraft is investigated. Both vehicles are active and
provide thrust to complete the rendezvous. Total propellant consumption is minimized. Analytical solutions are
obtained for cooperative rendezvous in the linearized Hill-Clohessy-Wiltshire gravity field. The optimal solu-
tions depend in a complicated way on the power-to-mass ratios of the spacecraft, the initial orbits, and the
specified transfer time. For comparison purposes, analytical solutions for active-passive rendezvous in the
linearized gravity field are also determined. Cooperative rendezvous requires smaller total propellant consump-
tion, resulting in greater payload capability.

Introduction

H ISTORICALLY, spacecraft rendezvous involves one
thrusting (active) vehicle and one coasting (passive) vehi-

cle. A cooperative power-limited (PL) rendezvous is an orbital
maneuver in which two PL spacecraft are thrusting, allowing
a reduction in total propellant consumption when compared
with the traditional active-passive rendezvous.

Early studies of cooperative rendezvous considered general
linear or nonlinear systems with various performance indices.
Meschler1 discussed the minimum-time cooperative ren-
dezvous between two linear time-varying systems with
bounded control input. Gieseking2 studied the single and
multi-input rendezvous problem with the Lagrangian cost
functional being the integral-squared-error plus weighted con-
trol effort. Carter3 considered cooperative rendezvous using
linear systems with a quadratic cost functional in terms of the
state error and control and obtained a fixed-coefficient feed-
back control law. Kahne4 derived the necessary conditions for
a cooperative state rendezvous for two general nonlinear sys-
tems and for a general performance index in the Lagrangian
form.

Recently, cooperative rendezvous methodology has been
applied to spacecraft maneuvering. Prussing and Conway5

determined the optimal terminal maneuver for a cooperative
impulsive rendezvous. Mirfakhraie6 and Mirfakhraie and
Conway7 developed a method for determining optimal fuel-
minimizing trajectories for the fixed-time impulsive coopera-
tive rendezvous. This paper determines propellant minimizing
trajectories for the fixed-time cooperative rendezvous of two
power-limited spacecraft. The spacecraft are initially in neigh-
boring circular orbits; hence the Hill-Clohessy-Wiltshire lin-
earized gravity field is used to approximate the inverse-square
gravity field. With the linearized gravity model, analytic solu-
tions to the necessary conditions for optimality are obtained.
Optimal cooperative and active-passive solutions are pre-
sented for different initial orbits and for various transfer times
and maximum exhaust powers. The spacecraft are presumed
to be identical in initial mass and maximum engine exhaust
power.

Necessary Conditions for an Optimal Solution
Power-limited spacecraft have propulsion systems that have

an upper bound on the exhaust power Pmax that the engine can
supply. Typically, Pmax is set by the limitations of a power
source that is separate from the engines. The equations of
motion for PL spacecraft subject to a single gravitational
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source along with an equation for the mass change along a
thrusting trajectory were derived by Prussing8:

1 1
m(t) m(t0) 2P dt

(1)

(2)

where r is the position vector, g(r) the gravitational accelera-
tion, T the thrust acceleration, and m the mass of the vehicle.
Equation (2) indicates that the final mass of a vehicle is
maximized for a control history T(t) when the engine is oper-
ating at Pmax since any smaller exhaust power would result in
a greater change in the total mass of the vehicle for the same
trajectory satisfying the equations of motion (1).

For convenience, a new variable a, the power-to-mass
(PTM) ratio, is defined as follows:

(3)

The introduction of the new variable a allows Eq. (2) to be
written in an alternative way:

= T2/2 (4)

For a single vehicle, labeled vehicle /, define a state vector jc/
of dimension 7 x 1, Jt/' = [rf rf a/]. The equations of mo-
tion for the /th vehicle can then be written in first-order
differential form:

(5)
For two active spacecraft, a combined state vector x of

dimension 14 x 1, XT = [r? rfai r? rf a2] = [xf x?], and a
control vector T of dimension 6 x 1 , TT = [T^ rf] , are defined.
The equations of motion then can be described by two sets of
uncoupled equations, each of the form shown in Eq. (5):

2, r2)] = (6)

The objective of an optimal cooperative rendezvous is to
transfer each vehicle from its initial orbit to a common final
position and velocity in a given amount of time while maxi-
mizing the sum of the final masses of the spacecraft. Equation
(7) relates this objective in terms of the reciprocal to the PTM
ratios. The subscript / on a variable denotes the variable
evaluated at the final time:

_.J = -
2 D

max/- = *[*(*/)] (7)

The six terminal constraints on the final position and veloc-
ity of the two vehicles \l/[x(tf)] are considered by defining a
function $ in the manner described by Bryson and Ho9:

(8)

where </>[*(//)] is defined by Eq. (7) and \l/[x(tf)] is given as

(9)

and v is a 6 x 1 vector of parameters. After substituting Eqs.
(7) and (9) into Eq. (8), $ can be represented as

f- r2f) - r2f) (10)

The equation for the cost functional, Eq. (7), depends only
on the terminal states of the system. The Hamiltonian for this
system can be simply expressed by

(11)

where A(0 is the 14 x 1 costate vector and can be partitioned
into two similar 7 x 1 vectors of costates:

Xf(0 = (12)

Equations (5), (6), (11), and (12) may be used to write the
Hamiltonian compactly as

(13)

The necessary conditions for a minimum of J are found
through optimal control theory as outlined in Ref. 9. The
necessary conditions comprise 28 differential equations. Four-
teen of these are the equations of motion given by Eq. (6) that
must be satisfied along an optimal solution. The initial condi-
tions on the state jc(^0) that include positions, velocities, and
PTM ratios of both vehicles at the beginning of the maneuver
are known. The remaining 14 differential equations involve
the costate variables. The costate differential equations given
by Eqs. (14) must also be satisfied along an optimal solution;
the final conditions on the costates are supplied by Eqs. (15):

(14a)

A,, (14b)

for six differential equations where / = 1, 2, and G(r/)

^ = - Xr/ (14c)

for six differential equations where / = 1, 2,

V = 0 (14d)

for two differential equations where / = 1, 2, with

for 14 differential equations or

dx(tf)

for 14 boundary conditions or

Ar/(f/) = ( - l ) / + 1 Fi for j =

for six boundary conditions,

X^/) = (-l)'+1^ for ' =

for six boundary conditions,

(15a)

(15b)

(15c)

(15d)

for two boundary conditions.
The optimality condition states that along an optimal solu-

tion the control vector is chosen to minimize the Hamiltonian
of Eq. (13). The optimal control direction and magnitude for
the vehicles are supplied through the costate variables by

(16a)

(16b)

tV

for six algebraic equations or

T, = - (A,7Xa/)

for six algebraic equations where i = 1,2.
The 28 differential equations given by Eqs. (6) and (14)

along with the 28 split boundary conditions form a two-point
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boundary-value problem (TPBVP). The six parameters v are
found to satisfy the six terminal constraints of Eq. (9). The six
elements of the control vector F are determined through Eqs.
(16). Although, in general, the TPBVP may be difficult to
solve analytically, an integral of the solution is found by
noticing that/[*(£), F(0] is not an explicit function of t that
guarantees that the Hamiltonian given by Eq. (18) is constant
along the optimal trajectory.9

Equation (16) states that the optimal thrust acceleration r/ is
in the opposite direction of the /th velocity costate vector.
Lawden10 defined the negative of this velocity costate vector to
be the primer vector p,. Equations (16) and (17) can be com-
bined to show that the optimal thrust direction for each vehi-
cle is always in the direction of that vehicle's primer vector:

Pi(t) = - M

for six algebraic equations where / = 1, 2.

(17)

(18)

Hill-Clohessy-Wiltshire Linearized Gravity Model
The Hill-Clohessy-Wiltshire gravity field is a linear approx-

imation to the inverse-square gravity field. The linearization is
performed relative to a circular reference orbit of radius r*.
The current relative position and velocity of the spacecraft are
expressed with respect to a rotating reference frame whose
origin lies in the circular reference orbit.

To demonstrate the linearization, consider the current posi-
tion r(t) of the vehicle as a perturbation 5r(t) away from r*.
The vector r* locates the origin of the rotating reference
frame. Each vehicle's equation of motion (1) can then be
written as

(19)

where

where / = 1, 2, and /* = gravitational constant. The gravity
vector gfa) is expanded in a Taylor series about the reference
orbit, and second and higher order terms in the expansion are
neglected. Equation (19) then becomes

+ 5* = g(r*) + G(r*)drt + r; / = 1, 2 (20)

where

where 73 = 3 x 3 identity matrix.
The reference orbit satisfies its own equation of motion:

r* =*(r*) (22)

Subtracting Eq. (22) from Eq. (20), one represents the relative
motion by a linear second-order differential equation:

dff = G(r*)5rf + T/ / = 1, 2 (23)

Expressing Eq. (23) in the rotating reference frame, referred to
as the Hill-Clohessy-Wiltshire (CW) frame, the equations of
relative motion become11

BdriR

A =
3rt2 0 0
0 0 0
0 0 -n2

B =
0 2/i 0

-2/i 0 0
0 0 0

(24)

The variable */ is measured along the radius vector r*. The
coordinate yt is measured along the local horizontal with pos-
itive >> being in the direction of motion of the reference frame.
The coordinate z/ completes the right-hand coordinate system
and is normal to the reference orbit. The subscript R in Eq.
(24) denotes that time derivatives are with respect to the rotat-
ing coordinate system. The mean motion of the circular refer-
ence orbit n, which appears in the matrices A and B, is
n =

Optimal Cooperative Rendezvous
The necessary conditions indicate that each vehicle's opti-

mal thrust vector is in the direction of its respective primer
vector. The necessary conditions also yield that both primer
vectors satisfy the same homogeneous differential equation as
the relative position vectors.12 Therefore, the state transition
matrix for the primer vector $pp is the same transition matrix
that propagates the relative position and velocity vectors $rr of
a passive vehicle. The primer vector differential equation is

Pi = i = 1, 2 (25)

To determine the optimal cooperative rendezvous solution,
define a new 24 x 1 state variable y :

yT= y? = = l, 2 (26)

The new state yf satisfies the linear constant coefficient differ-
ential equation, where / = 1, 2,

~03

A

03

03

h

B

03

03

03

p 3
•« max/

03

X

o;
03

/3

B

(27)

Equation (27) has the solution given in Eqs. (28-31). The
variables and $pp are 6 x 6 partitions of the state
transition matrix and are given in the Appendix. The vehicle's
primer and primer rate are supplied in Eq. (29). The boundary
conditions in Eq. (29) show that the prirner vector of vehicle 1
is equal in magnitude but opposite in direction to the primer
vector of vehicle 2 for all time. The vehicle's relative position
and velocity vectors are given in Eq. (30).

-fe) *rp(t ~ t0)

*pp(t ~

r / ~\
{.yn(t*)\ ' = 1,2

(28)

or

Pi(f)
Pi(t\

(29a)

(29b)
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/) (30)

As previously stated, the values of the parameters v are deter-
mined by enforcing the terminal constraints:

[B -

where

Ar0 =

Ar0 = 5ri(fo) - dr2(t<>)

(31a)

(31b)

(31c)

(3 Id)

Equation (4) can be integrated to yield an expression for the
final PTM ratios. Four new scalar constants a, b\, b^, and 63
and a constant matrix K have been defined for convenience
(the matrix K can be found in the Appendix):

1

cTKc

>['• °'lLo3 o3J

(32a)

(32b)

(32c)

(32d)

(32e)

Inserting the two a equations into the definition of the
nondimensional parameter a given by Eq. (32e) results in a
fifth-degree polynomial in terms of the unknown a :

5 - b2)a4 - 2b3bla2 b2)a - = 0
(33)

Note that the zeros of this polynomial are functions of the
initial PTM ratios, the total maneuver time, and the initial
position and velocity of the vehicles. Since a represents the
ratio of final PTM ratios, only positive real zeros of Eq. (33)
have physical significance. If more than one zero is positive
and real, the value of a that minimizes the total propellant
consumption is chosen. This minimizing zero results in Eq.
(34) having its most negative value. Equation (34) is derived
from Eq. (7) with the use of Eqs. (32).

Jc= -
a2)2

a[(b3 + a2)2 + b2b2]
(34)

Using the minimizing zero, the individual PTM ratios are
given by Eqs. (32). The optimal thrust acceleration vectors are
given by Eq. (35), which reveals that in general both vehicles

are thrusting in opposite directions throughout the entire ma-
neuver:

r, =
03

r2= -
(35)

The relative position and velocity of both spacecraft are
expressed in Eq. (36). The mass history is determined through
the individual PTM ratios of each vehicle as is indicated in Eq.
(37):

1 = 1,2 (37)

Using Eqs. (36), the final position and velocity of the two
spacecraft expressed in the CW frame can be written as a
convex combination of the initial positions and velocities of
the spacecraft propagated forward in time by the state transi-
tion matrix $rr. Equation (38) can be used to predict the
optimal final orbit:

1
1 = 1,2

(38)

Active-Passive Rendezvous Solution
With only one active vehicle and a fixed maneuver time, the

final position and velocity of both vehicles are easily supplied
by propagating the passive vehicle along its initial orbit.
Throughout the analysis and without loss of generality, vehi-
cle 1 will be the passive vehicle. Vehicle 1's relative position
and velocity with respect to the rotating reference frame are
given through the state transition matrix $rr(t - tQ). Vehicle 2
does thrust, and the optimal thrust acceleration is given by Eq.
(40):

— 'o) ° (39)

(40)

The vector c is the same vector described in Eqs. (31). Equa-
tion (40) shows that the optimal thrust acceleration is indepen-
dent of the initial PTM ratio. Using the optimal thrust acceler-
ation for vehicle 2, one can show that the relative position and
velocity with respect to the rotating reference frame is

Vehicle 1 expends no propellant for this maneuver. Vehicle 2's
final mass is contained in the final PTM ratio given by Eq.
(42):

b2) (42)

The cost functional (7) for the active-passive rendezvous can
be written as

Jn= ~
b2 + b3) (43)

As was shown in Eq. (40), for given initial positions and
velocities of the vehicles and a fixed total maneuver time, a
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unique optimal thrust acceleration vector T2 exists that will
transport an active vehicle to a passive vehicle. The total
change in the PTM ratio is constant for this active-passive
maneuver:

= otf - aQ = -
2

dr

(44)

If one defines AMrt as the total propellant consumed for an
active-passive rendezvous where the subscript n denotes a
noncooperative rendezvous, then AMn may be written in terms
of Knc supplied by Eq. (44), the maximum exhaust power Pmax>
and the initial PTM ratio a0 of the thrusting vehicle. Either
Eq. (43) or Eq. (45) may be used as the cost functional for an
active-passive rendezvous since they are simply related by the
additive constant of the sum of spacecraft initial masses:

both cooperative and active-passive rendezvous, the following
trends are observed. As the total rendezvous time T is in-
creased, the cost of the rendezvous decreases. As a0 is in-
creased, the relative efficiency of the engines increases and the
cost decreases. Also, in all cases, cooperative rendezvous re-
quires less total propellant than active-passive rendezvous.
However the percentage of savings in propellant consumed is
a function of T7, $0> Ar0 = r10 - r2o, and a0- In general, cooper-
ative rendezvous offers the most savings over an active-passive
rendezvous for high a0 and large T. For small QJO or small T,
the optimal cooperative rendezvous moves toward a noncoop-
erative maneuver. This behavior can be explained by examin-
ing the zeros of the fifth-degree polynomial given in Eq. (33).
For identical vehicles, bi = b3 = 1 as defined in Eqs. (32) and
the polynomial simplifies to Eq. (47), which has the five zeros
given in Eqs. (48)13:

a5 - (1 + b2)a4 + 2a3 - 2a2 + (1 + b2)a - 1=0 (47)

ao(*n,
(45) a =

Once an optimal active-passive solution has been obtained
for given initial positions and velocities, total maneuver time,
and a0> the optimal noncooperative solution is known for all
ctQ. Equation (41) indicates that the active vehicle's optimal
position and velocity histories are independent of the a0- Let
AMioid represent the total propellant consumed to perform the
rendezvous with an initial PTM ratio a0 Ow = ^max oid/^o old-
The total propellant consumed AMW new for the same ren-
dezvous with a new PTM ratio exonew = jPmaxnew/>Wonew can then
be obtained through Eq. (46):

d)

(46)

Assumptions
Optimal cooperative rendezvous solutions are influenced by

15 parameters: 2 position and velocity vectors, 2 PTM ratios,
and the total maneuver time. With equal initial PTM ratios,
the optimal solutions tend to be very cooperative, i.e., both
vehicles play a large part in the rendezvous. With unequal
initial PTM ratios, one vehicle provides the majority of thrust
and the optimal solution moves toward an active-passive ren-
dezvous.12 Therefore, to insure the maximum involvement of
each vehicle, identical vehicles will be assumed. Power-limited
vehicles with maximum exhaust powers Pmax of approximately
107 W and initial masses of 1000 kg are anticipated. In canon-
ical units, a spacecraft in a circular orbit of radius 1 distance
unit (DU) has an orbital period of 2* time units (TU). The
maximum exhaust power and initial mass previously stated
translate to an initial PTM ratio of «o = 0.129 in Earth canon-
ical units, 3.668 in lunar canonical units, and 56.6 in heliocen-
tric canonical units. These three PTM ratios are used exclu-
sively.

The initial orbits are circular. The radius of vehicle Ts
orbit, r10, is 1 DU. The orbital radius of vehicle 2, r20> and the
phase angle between the vehicles is varied. Although numeri-
cal results for near-circular initial orbits are not supplied, the
analytic solutions obtained for both the cooperative and ac-
tive-passive rendezvous are applicable to these initial orbits.
Near-circular orbits possess a small velocity component in the
radial direction. A cooperative rendezvous between neighbor-
ing coplanar orbits is considered first. A neighboring inclined
rendezvous is discussed in the subsequent section.

Neighboring Coplanar Rendezvous Results
Effects on total propellant consumption of varying the ini-

tial PTM ratio c*o> the total rendezvous time 7\ and the initial
phase angle <£0 between the two vehicles are examined. For

b2/4 ± - 4 + [ - (b2/2) -

(48)
a =

b2/4 ± - 4 + [ - (b2/2) (ftf /4)

One zero is always a = 1 and represents the solution where
both vehicle final masses are equal. Next, note that for values
of b2 between 0 < b2< 4/3, the only real zero of the polyno-
mial is a = 1. For values of &2>4/3, three real zeros are
obtained. Two of the zeros are locally minimizing values of
the cost given in Eq. (34). The third zero represents a locally
maximizing solution. For the special case where b2 = 4/3, all
three real zeros degenerate to the a = 1 minimizing solution.
Now, recall the definition for b2 from Eq. (32c). The variables
c and K are functions of the initial positions and velocities of
the vehicles and the total maneuver time. Numerical calcula-
tions show that in general b2 decreases in value with increasing
T and increasing a0. Therefore, for sufficiently large «o or
large 71, 0<&2<4/3 and the minimizing solution is given by
a = 1, which is the solution where both vehicles finish with the
same final mass. Similarly, for sufficiently small c*o or small T,
&2>4/3 and the optimal cooperative rendezvous requires one
vehicle to provide the majority of thrusting.

To display some numerical results, consider Tables 1 and 2,
which show the total propellant consumed for the optimal

Table 1 Cooperative and noncooperative rendezvous cost
comparison for CW linearized gravity field with Ar0 = 0.0

Case AMC AMn Savings,
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

0.129
0.129
0.129
0.129
0.129
0.129
3.668
3.668
3.668
3.668
3.668
3.668
56.6
56.6
56.6
56.6
56.6
56.6

7T/4
7T/2
7T
7T/4
7T/2
IT

IT/4
7T/2
7T
7T/4
IT/2
7T
7T/4
TT/2
7T
7T/4
7T/2
7T

7T
IT
TT
27T
27T
2T
7T
7T
TT
2-K
2*
2*
7T
IT
7T
27T
2ir
27T

0.3126274
0.7336209
0.9217836
0.0098561
0.0388500
0.1468426
0.0129475
0.0508033
0.1888240
0.0003483
0.0013924
0.0055580
0.0008487
0.0033724
0.0134219
0.0000227
0.0000903
0.0003611

0.4256500
0.7477547
0.9222249
0.0194250
0.0734212
0.2406734
0.0254016
0.0944120
0.2942934
0.0006962
0.0027790
0.0110242
0.0016862
0.0067110
0.0263141
0.0000451
0.0001806
0.0007219

26.55
1.89
0.05
49.26
47.09
38.99
49.03
46.19
35.84
49.97
49.90
49.58
49.67
49.75
48.99
49.67
50.00
49.98
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Table 2 Cooperative and noncooperative rendezvous cost
comparison for CW linearized gravity field with Aro= -0.1

Case
19
20
21
22
23
24
25
26
27
28
29
30

ao
0.129
0.129
0.129
0.129
0.129
0.129
0.129
0.129
0.129
0.129
0.129
0.129

00

0
0.0757T
0.157T
7T/2

7T
37T/2

0
0.0757T
0.157T
7T/2
7T

37T/2

T
7T
7T
7T
7T
7T
7T
27T
2?T
27T

2ir
27T
27T

AMC
0.03704
0.00438
0.03704
0.65442
0.90968
0.78971
0.00433
0.00166
0.00077
0.01998
0.10899
0.06551

AM*
0.07018
0.00870
0.07018
0.68260
0.91035
0.79713
0.00860
0.00331
0.00154
0.03880
0.18735
0.11930

Savings, %
47.2
49.7
47.2
4.1
0.1
0.9
49.7
49.9
50.0
48.5
41.8
45.1

The value of </>omin may be calculated through the cost func-
tional associated with a cooperative rendezvous. The 00min is
determined through Eq. (49):

ciJ I uJ oa dJ \ du2
dvo \ C'f? uU"2 VU2/ U&Q

which is satisfied if one of two conditions is met:

dJdJ da— ——
da db2

or

cTK
1 0 0 0

(49)

(50)

(51)

cooperative and active-passive rendezvous. The percentage of
propellant saved by performing a cooperative rendezvous in-
stead of a noncooperative one is also displayed. Table 1 con-
siders rendezvous where both vehicles start in the same circu-
lar orbit (Ar0 = 0). Table 2 displays costs for circular orbits
where Ar0 = - 0.1. Because the gravity field is linearized and
both vehicles are identical in their initial PTM ratios, the cost
of either vehicle performing the entire maneuver is the same.
Therefore only one active-passive rendezvous cost is listed.
Also note that for Table 1, 0<</>0 < TT. This is the only range
needed because, with Ar0 = 0, the cost associated with a ren-
dezvous from the <£0 phase is the same as the cost from the
- (/>o phase; AMC represents the cooperative cost and AMn the
noncooperative cost. Both vehicles begin the maneuver with
an initial mass of 1 mass unit.

Table 1 shows that when the final maneuver time is fixed
and Ar0 = 0, the cost increases with </>0 due to the additional
thrusting needed to meet the rendezvous requirements. Both
cooperative and noncooperative costs decrease as a0 and T
increase. Note that the cooperative rendezvous offers larger
savings as ce0 and T increase. Table 2 shows that when
A/o = -0.1, the cost does not increase monotonically with </>0;
however, the cost continues to decrease as T increases. Also
observe that increasing Ar0 for a given <£0, o:o» and T does not
necessarily result in an increase in total propellant consump-
tion as can be seen by comparing case 3 from Table 1 with case
23 in Table 2. In all cases, a cooperative rendezvous requires
less total propellant to meet the rendezvous requirements.

From Tables 1 and 2 the limiting value in total mass savings
that the cooperative rendezvous can offer over the noncooper-
ative rendezvous appears to be 50%. For sufficiently large
total maneuver time or large initial PTM ratios, this observa-
tion can be proven analytically.12

Consider Fig. 1, which displays the total propellant con-
sumed during a cooperative rendezvous as a function of the
initial phase angle </>0 between the two vehicles. The total
maneuver time is 2ir TU and a0 = 56.6. One curve is the total
propellant consumed for a rendezvous from the same circular
orbit (A/o = 0.0), and the second is the cost for a rendezvous
between neighboring circular coplanar orbits where Ar0
= - 0.1. Total propellant consumption is plotted on a loga-
rithmic scale. Calculated data points are represented by sym-
bols that are connected by cubic splines. The cost curve associ-
ated with Ar0 = 0.0 is cyclic with period 2?r. Its minimum
occurs at <£0 = 0 with a cost of 0 representing a completed
rendezvous. This cost reaches its maximum value at it rad, the
largest relative phase angle possible between two vehicles in
the same orbit. The second cost curve is also cyclic; however,
with Ar0 = -0.1, the initial phase angle that results in the
minimum cost is a nonzero angle <£omin- As is the case with Ar0
= 0.0. the cost achieves its maximum value at <£omin + * rad.

The total propellant consumed for a cooperative rendezvous
between specified initial orbits decreases as the initial PTM
ratio is increased; however, the initial phase angle that results
in the minimum total propellant consumed 00min is constant.

In general, a </>0 cannot be found that will satisfy Eq. (50).
However, an expression for $0 that will satisfy Eq. (51) can be
determined. For a cooperative rendezvous between neighbor-
ing circular orbits, a simple expression for <£0min can be ob-
tained12:

</>omin= - (52)

Note that Eq. (52) is independent of the initial PTM ratios for
the vehicles. From Eq. (52), the value of </>0min with
Ar0 = - 0.1 and T = 2ir is calculated as 0.157T or 0.4712 . . .
rad. This </>0min agrees with the cost curve presented in Fig. 1.

A useful feature of a cooperative rendezvous is the ability to
predict the final orbit. From Eq. (38) it can be shown that the
final orbit after a cooperative rendezvous between neighbor-

Total Propellar t
Consumed

10'6 ^

/
o

\
o

jc/2 JT 3ji/2
Initial Phase Angle in Radians

2jt

Fig. 1 Total propellant consumed vs phase angle: ao = 56.6.

Initial
positions

. chicle 1
Vehicle 2

K /
Fi

_1.5lposition

Fig. 2 Spacecraft trajectories for a cooperative rendezvous.
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Table 3 Cost comparison for cooperative and noncooperative
neighboring inclined circular rendezvous

Equation (54) is satisfied by

OiQ

0.129
0.129
3.668
3.668
56.6
56.6

T
7T

27T

7T

27T
7T

27T

AMC

2.4724 X 10 ~ 2

5.2391 X 10-3

8.8014 x 10 ~ 4

1.8472X 10 ~ 4

5.7061 x 10 ~ 5

1.1972X 10~5

AM,,
4.76864 X 10-2

1.0396X 10 -2

1.7580X 10 ~ 3

3. 6934 x lO-4

1.1441 x 10~4

2.3943 x 10 ~ 5

ing circular, coplanar orbits is itself a neighboring circular,
coplanar orbit. This final circular orbit has an intermediate
radius and phase angle as measured with respect to the rotat-
ing reference frame:

x[A/o - </>o - (3/2)rA/o 0 0 - (3/2)Ar0 0]r

(53)

Figure 2 displays the position trajectories for a cooperative
coplanar rendezvous. The initial orbits each have a radius of 1
DU, and the initial phase angle is </>0 = ^r/4. The total maneu-
ver time is -K TU, and the initial PTM ratio is 0.129. For this
maneuver, the optimal cooperative solution is for both vehi-
cles to use the same amount of propellant, i.e., a = 1. As Eq.
(53) predicts, the cooperative rendezvous finishes with an an-
gle of 7T/8 measured with respect to the rotating reference
frame whose origin initially coincides with vehicle 1's position.
Therefore, each vehicle removes half of the original phase
angle. Figure 2 also shows that to rendezvous vehicle 1 must
increase its velocity by decreasing its radius, whereas vehicle 2
decreases its velocity by increasing its radius.

Neighboring Inclined Rendezvous Results
A cooperative rendezvous between inclined circular orbits

whose difference in in-plane and out-of-plane (OOP) motion
is relatively small is considered. The effect of varying the
initial PTM ratio a0 and the total rendezvous time T on total
propellant consumption between inclined circular orbits is
similar to the coplanar results as illustrated in Table 3. For
these cases, the initial orbits differ in orbital radius
Ar0 = -0.07071 DU and initial OOP displacement
Az0 = Z\Q - Z2Q = - 0.07071 DU with zero initial phase angle.
Table 3 indicates that as T increases, the cost of the ren-
dezvous decreases. Also, as a0 is increased, the relative effi-
ciency of the engines increases and the cost decreases. In all
cases, the cooperative cost is less than the noncooperative
cost. As T and a0 increase, the percentage of savings that a
cooperative rendezvous can offer over an active-passive ren-
dezvous approaches the limiting value of 50%.12

Next, consider Fig. 3, which displays the total propellant
consumed during a cooperative and noncooperative ren-
dezvous as a function of the difference in the initial in-plane
phase angle <£0 between the two vehicles. The total maneuver
time is 2ir TU and a0 = 3.668. The initial difference in the
in-plane and OOP displacement used for the study was
Ajt0 = Azo = - 0.07071 DU. Figure 3 shows that the coopera-
tive and noncooperative cost curves as a function of initial
phase angle are similar in form. Each curve achieves its mini-
mum value at the same <£0min and its maximum value at
</>omin + TT rad. This characteristic is easily explained by exam-
ining the derivative of the noncooperative cost functional with
respect to the initial phase angle:

d</>0

I = 0 (55)

or

(56)

No </>o exists that will satisfy Eq. (55). Equation (56) is the
same equation that defines (/>0min for a cooperative rendezvous,
Eq^ (51). Therefore, the same initial </>0 minimizes total propel-
lant consumption for both cooperative and noncooperative
rendezvous.

Another feature common to both coplanar and inclined
cooperative rendezvous is the ability to predict the final orbit
after the rendezvous. Equation (57) shows that a cooperative
rendezvous between neighboring circular inclined orbits termi-
nates in a neighboring circular inclined final orbit. For equally
efficient vehicles (b3 = 1) with sufficiently large total transfer
times (a = 1), the terminal orbit has an inclination and orbital
radius that lies midway between the initial orbits:

5r,(r)J b3 + a2 "v '

x [A/o - 0o - (3/2)rAr0 0 - (3/2)Ar0
(57)

Figures 4 and 5 display the trajectories for a cooperative
rendezvous from inclined circular orbits with Ax0 — Az0
= - 0.07071 DU, <£o = TT rad, T = 2ir TU, and a0 = 3.668.
During this maneuver, both vehicles use identical amounts of

10'2
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io-3

[

-4 C

-o- Cooperative Cost
- -a- Noncooperative Cost

- °~

j**^^°^B^ -

// ^ XqJ
\ // ^ ]

D

k J >

°^ 1 l 1

0 jt/2 Jt 3xc/2 2jc
Initial Phase Angle in Radians

Fig. 3 Total propellant consumed vs phase angle for cooperative and
active-passive rendezvous from neighboring inclined circular orbits.

Final
sition

-1.5

D x ' Initial
position

Vehicle 1
Vehicle 2

(54)
Fig. 4 In-plane spacecraft trajectories for a cooperative rendezvous.
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Fig. 5 Phase space trajectories for a cooperative rendezvous.
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propellant, i.e., a = 1. Equation (57) yields a circular terminal
orbital radius of 1.035 DU and a final phase angle of 0.39397T
rad. Figure 4 shows the in-plane motion. To rendezvous,
vehicle 1 increases its velocity by decreasing its radius, whereas
vehicle 2 decreases its velocity by increasing its radius. Figure
5 displays the OOP phase space trajectories. For the OOP
motion, it is convenient to plot the position and velocity of the
vehicles in phase space where the position is measured along
the abscissa and the velocity along the ordinate. In this space,
vehicle 1's initial orbit begins at the origin, and vehicle 2's
initial orbit is circular with radius VA£Q + AZQ centered at the
origin. Vehicle 1 moves in a counterclockwise direction from
the origin to the final circular orbit of radius 0.03536. Vehicle
2 leaves its circular orbit at a radius of 0.07071 in a counter-
clockwise direction and also terminates in a circular orbit of
0.03536. The rendezvous point in the phase space is at
(0.03536, 0). Since the relative inclination between the two
vehicles is small, a three-dimensional plot greatly resembles
the in-plane trajectories of Fig. 4.

A comparison between optimal cooperative rendezvous so-
lutions obtained analytically for the linearized gravity field
and numerically generated results for the inverse-square grav-
ity field was considered in Ref. 12. If the trajectories of both
spacecraft remain relatively close to the reference orbit, the
results are very similar. However, as the trajectories deviate
significantly from the reference orbit and leave the linear
range, discrepancies between the solutions begin to appear. In
such cases, the inverse-square gravity model is required to
yield accurate results. Figure 6 displays optimal cooperative
rendezvous trajectories for both gravity models where
a0 - 0.129, T = 2?r TU, 00 - 0, and Ar0 = - 0.1 DU.

Concluding Remarks
Analytical solutions describing both active-passive and co-

operative rendezvous for power-limited spacecraft in the Hill-
Clohessy-Wiltshire linearized gravity field have been supplied.
In the case of equal initial power-to-mass ratios and circular
initial orbits, cooperative rendezvous can offer considerable
savings in total propellant consumption over an active-passive
rendezvous. The savings increase with initial power-to-mass
ratio of the vehicles and with total maneuver time.

Appendix
The partitions to the state transition matrix and the K

matrix of Eq. (31) for the Hill-Clohessy-Wiltshire linearized
gravity model appear next. The mean motion n has been
normalized to one. Define s to be the elapsed time s = t - t0:

N(s)\
T(s)\[S(s)

where

M(s) =
4-3 cos(s) 0 0
6[sin(s) - s] 1 0

0 0 cos(s)

N(s) =

S(s) =
Fig. 6 Hill-Clohessy-Wiltshire and inverse-square gravity coopera-
tive rendezvous trajectories.

sin(s) 2[1 - cos(s-)] 0
[1 - cos(s)] 4 sin(s) - 35 0

0 0 sin(s)

3 sin(s) 0 0
-6[l-cos(s)] 0 0

0 0 - sin(s)
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T(s)=
cos(5) 2 sin(5) 0

- 2 sin(5) 4 cos(5) - 3 0
0 0 cos(5)

U(s) K(5)l
X(s)\

28 - 28 cos(5) - 6s2 - (15/2)5 sin(s) - 2 sin(s) + 25 0
- 505 + 65 sin(5) + 352 - 155 cos(5) - (3/2)52 + 4-4 cos(5) 0

0 0 (1/2)5 sin(5)

V(s) =
(13/2)sin(5) - 45 - (5/2)5 cos(5) 16 - 352 - 16 cos(5) - 55 sin(s) 0
- 16 + 352 + 16 cos(5) + 55 sin(5) (3/2)53 + 38 sin(5) - 285 - 105 cos(5) 0

0 0 (1/2) sin(5) - (1/2)5 cos(5)

W(s) =
(41/2)sin(5) - 125 - (15/2)5 cos(5) 2 -2 cos(5) 0
-50 + 50 cos(5) + 952 + 155 sin(5) - 3 5 + 4 sin(5) 0

0 0 (l/2)sin(5) + (1/2)5 cos(5)

X(s) =
-4 + 4 cos(5) + (5/2)5 sin(5) 1 1 sin(5) - 65 - 55 cos(5) 0
- 11 sin(5) + 65 + 55 cos(5) (9/2)52 -28 + 28 cos(5) + 105 sin(5) 0

0 0 (1/2)5 sin(5)

K=
73 03

3 3.
*„«)**

K(T) = K2(T)\
K3(T)\

T = tf-t0

Km(T) Km(T) Kn3(T)
Kl2l(T) Km(T) K123(T)

K132(T) Km(T)

Km(T) = (77/2)7 - (27/4) sin(2r) + 1273

-72rcos(r)-96sin(r)

Km(T) = Km(T) = - 3[T2 + 2 cos(!T)] + 6

KU2(T)=T

Km(T) = (l/2)sin(r)cos(r) + (1/2)7

K, 13(T) = Km(T) = Km(T) = K132(T) = 0

K2(T) =
K2ll(T) K212(T) K213(T)
K22l(T) K222(T) K223(T)

K232(T) K233(T)

K2ll(T) = 6T2-4 cos(r) - (9/2)cos2(r) - 127 sin(7) + (17/2)

^2i2(^) = 237 + 673 + 427 cos(7)

- (9/2)sin(27) - 56 sin(7)

K222(T) = - (3/2)72 - 4 cos(7) + 4

A223CO = 0/2) sin2(7)

233(0 = £223(0 = £231(7) = £232(7) = 0

£312(0 £313(0
£322(0 £323(O
£332(0 £333(0

£311(7) = (13/2)7 - 8 sin(7) + (3/4)sin(27)

,(7) = £32i(7) = 372 - 3 cos2(7) - 67 sin(7) + 3

) = 373 + 247 cos(7) +147-3 sin(27) - 32 sin(7)

K333(T) = (1/2)7 - (l/2)cos(7)sin(7)

= £323(O = £33i(O = £332(0 = 0
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